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We study a doubly degenerate orbital model on a honeycomb lattice. This is a model for orbital states in
multiferroic layered iron oxides. The classical and quantum models are analyzed by spin-wave approximation,
Monte Carlo simulation, and Lanczos method. A macroscopic number of degeneracy exists in the classical
ground state. In the classical model, a peak in the specific heat appears at a temperature which is much lower
than the mean-field ordering one. Below this temperature, the angle of orbital pseudospin is fixed, but con-
ventional orbital orders are not suggested. The degeneracy in the ground state is partially lifted by thermal
fluctuation. We suggest a role of zero-dimensional fluctuation in hexagons on a low-temperature orbital struc-
ture. Lifting of the degeneracy also occurs at zero temperature due to the quantum zero-point fluctuation. We
show that the ground-state wave function is well represented by a linear combination of the states where a
honeycomb lattice is covered by nearest-neighboring pairs of orbitals with the minimum bond energy.
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I. INTRODCUTION

Orbital degree of freedom and its interplay with spin and
charge degrees are one of the recent attractive themes in
condensed-matter physics.1,2 Orbital represents an aniso-
tropic shape of the electronic wave function. In a molecule,
this degree of freedom is quenched by the Jahn-Teller effect,
and/or a formation of the chemical bond along a specific
bond direction. On the contrary, in a solid crystal, some
equivalent bonds coexist. One alignment of orbitals dose not
fully satisfy the minimum-energy configuration for all
equivalent bonds. This is a certain kind of frustration subsist-
ing intrinsically in a solid crystal with orbital degeneracy.
This frustrating and directional character for the orbital pro-
vides a wide variety of exotic phenomena in transition-metal
compounds near a Mott insulating state.

For orbital degenerate systems under strong electron cor-
relation, a number of theoretical investigations have been
done for more than one decade. One of the well known and
examined orbital models is the so-called three-dimensional
eg orbital model.3–6 This is proposed as a model for orbital
state in LaMnO3 and KCuF3 with the perovskite crystal
structure. The doubly degenerate eg orbitals, dx2−y2 and
d3z2−r2, are represented by the pseudospin �PS� operator T
with magnitude of 1/2 and are located on a simple-cubic
lattice. The model Hamiltonian is given by

Heg
= J�

i

��i
x�i+ex

x + �i
y�i+ey

y + �i
z�i+ez

z � . �1�

Here, a vector e� for �= �x ,y ,z� connects the nearest-
neighboring �NN� sites, and �i

� is a linear combination of the
PS operator defined by �i

�=−sin�2�n� /3�Ti
z

+cos�2�n� /3�Ti
x with a factor �nx ,ny ,nz�= �1,2 ,3�. This

model is derived by the perturbational procedure from the
extended Hubbard Hamiltonian with neglecting spin degree
of freedom. The � dependence of the interaction implies the
frustrating and directional character. As seen in frustrated
magnets, there is a macroscopic number of degeneracy in the
classical ground state. This degeneracy is lifted by thermal

fluctuation in finite temperatures and by quantum zero-point
fluctuation.7–12 As a result, a staggered-type long-range or-
bital order is realized.

Doubly degenerate orbital model on a honeycomb lattice,
studied in the present paper, is one of the orbital models with
the frustrating and directional interaction. Orbital degree of
freedom represented by the PS operator is located on a two-
dimensional honeycomb lattice �see Fig. 1�. An explicit form
of the Hamiltonian is given in Eq. �4�, which is introduced in
more detail in Sec. II A. This model looks similar to the eg
orbital model in Eq. �1�; the NN three-bond directions in a
honeycomb lattice, �, �, and �, correspond to the Cartesian
coordinates in a cubic lattice. Thus, a similar kind of frus-
trating character for orbital configuration is expected. How-
ever, in general, stability of an orbital state is extremely sen-
sitive to symmetry and dimension of a crystal lattice. It is
nontrivial whether a conventional long-range order is real-
ized or not, in the same type of interaction, but in the differ-
ent crystal lattice. From a viewpoint of substantial materials,
the honeycomb-lattice orbital model is proposed as an orbital
model in a multiferroic layered iron oxide RFe2O4 �R=Lu, Y,
Yb�.13,14 This is a mixed-valence compound where equal
amount of Fe2+ and Fe3+ coexists in a pair of triangular
lattice.15–19 A Fe2+ ion with d6 configuration has the doubly
degenerate orbital degree of freedom. In the low-temperature
charge and spin ordered phase, a Fe2+ sublattice forms a
honeycomb lattice, and the orbital state is mapped onto a

FIG. 1. �a� A honeycomb-lattice structure and sublattices A and
B. Bold arrows represent vectors connecting NN two sites. �b� Bril-
louin zone and reciprocal-lattice vectors for a honeycomb lattice.
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honeycomb-lattice model. This will be introduced later in
more detail. From different view point, this orbital model is
proposed recently in study of the optical lattice.20–22

In this paper, we study the ground-state and finite-
temperature properties in the doubly degenerate orbital
model on a honeycomb lattice. We analyze the classical and
quantum models by the Monte Carlo �MC� and Lanczos
methods, respectively, as well as the spin-wave approxima-
tion. There are a number of the degenerate classical ground
states as well as the eg orbital model. In the classical model,
at a certain temperature which is much lower than the mean-
field ordering temperature, a peak in the specific heat ap-
pears. Below this temperature, the PS angles are fixed at one
of �n /3 with an integer number n. The degeneracy is par-
tially lifted below this temperature due to thermal fluctua-
tion, but the conventional long-range orders are not sug-
gested from the two-body correlation functions for PS. This
degeneracy is also lifted by the quantum zero-point fluctua-
tion. The ground-state wave function is well reproduced by a
linear combination of the states given that a honeycomb lat-
tice is covered by dimer pairs of the NN PS configurations
which satisfy the minimum bond energy.

In Sec. II A, we define the Hamiltonian of the
honeycomb-lattice orbital model, and introduce implication
of the orbital state in layered iron oxides. Results in the
classical and quantum models are presented in Secs. III and
VI, respectively. Section V is devoted to the discussion and
summary. Preliminary results have been published in Refs.
13 and 14. Relation to the layered iron oxides is briefly in-
troduced in Ref. 23.

II. MODEL

A. Model Hamiltonian

We start with the model Hamiltonian for the doubly de-
generate orbitals, denoted by a and b, defined in a honey-
comb lattice. This is represented by the pseudospin operator
with magnitude of 1/2:

Ti =
1

2�
tt�s

dits
† �tt�dit�s, �2�

where dits is the electron annihilation operator with orbital
t�=a ,b�, spin s�=↑ ,↓� at site i, and � are the Pauli matrices.
For the three-kinds of NN bonds, �= �� ,� ,��, in a honey-
comb lattice �see Fig. 1�, we introduce new PS operator as

�i
� = − sin�2�n�

3
�Ti

z + cos�2�n�

3
�Ti

x. �3�

A numerical factor n� is defined as �n� ,n� ,n��= �0,1 ,2�.
When we define the pseudospin coordinate as shown in Fig.
2, the operator �i

� represents a projection component of Ti on
the � bond direction. The model Hamiltonian studied in the
present paper is,

H = − J�
i�A

��i
��i+e�

� + �i
��i+e�

� + �i
��i+e�

� � , �4�

where e� is a vector connecting the NN sites along the di-
rection �, �i�A represents a sum of sites on the sublattice A

�see Fig. 1�a��, and J is the exchange constant. Although J is
defined to be positive, its sign is gauged away by rotating
PS’s on the A sublattice with respect to Ty. This Hamiltonian
is rewritten as a following simple form

H =
J

2 �
i�A,�

��i
� − �i+e�

� �2 −
3

2
J�

i�A

�Ti
x2 + Ti

z2� . �5�

The second term is −3JN /16, when Ti is a two-dimensional
classical spin, and is −3JN /8 in the quantum-spin case. A
total number of sites is N. This model is proposed as a orbital
state for the layered iron oxide,13,14 as explained in Sec. II B
in more detail, and is also recently proposed in study of the
optical lattice.20–22 A similar orbital model in a honeycomb
lattice termed the Kitaev model is recently well
examined.24,25 Here three components of the PS operator, Ti

l

with l= �x ,y ,z�, instead of �i
l in this model, are concerned in

the interactions along the �, �, and � directions.
Before going to detailed analyses of the Hamiltonian, we

briefly introduce a character in this model. Let introduce the
Fourier transformation for the orbital PS,

TC�k� =
1

�N/2
�
i�C

Tie
ik·ri, �6�

for the sublattice C�=A ,B�. The Hamiltonian Eq. �4� is rep-
resented in the momentum space,14,20 shown in Fig. 1�b�, as

H = 	t�− k�Ĵ�k�	�k� . �7�

We introduce a four-component vector defined as

	�k� = �TA
x �k�,TA

z �k�,TB
x �k�,TB

z �k�� , �8�

and a 4
4 matrix Ĵ�k�. We obtain the eigenvalues of Ĵ�k�
which are �3J /4 and �J�3+2 cos k ·a+2 cos k ·b
+2 cos k · �a−b��1/2 /4, where a and b are the primitive trans-

lation vectors defined in Fig. 1. Numerical plot of Ĵ�k� is
presented in Fig. 3. The lowest eigenvalue is a momentum
independent flat band of −3J /4. That is, the effective dimen-
sionality for the lowest state is zero, and, in the classical
ground state, stable orbital structures are not determined
uniquely due to large fluctuation. The second eigenvalue
touches the lowest band at the point �.

FIG. 2. �Color online�. Pseudospin operator T, and its projection
components �� along the three-bond directions.
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Compare the present model with the eg orbital model in a
simple-cubic lattice. The eg orbital model defined in Eq. �1�
shows a similar form with the present honeycomb-lattice
model in Eq. �4�, when �, �, and � are replaced by the
Cartesian coordinates x, y, and z. The momentum represen-

tation of the orbital interaction is given by Ĵ�k�= �J�3
+cos kxa+cos kya+cos kza�1/2 where �kx ,ky ,kz� are defined
in the Brillouin zone for a simple-cubic lattice.26 Dispersion

relation of Ĵ�k� is flat along �� ,� ,��− �0,� ,�� and other
equivalent directions. Due to the flat dispersions, there is a
macroscopic number of degeneracy in the classical ground
state. However, this degeneracy is lifted by thermal and
quantum fluctuations, and a staggered long-range orbital or-
der is realized.7,9,10 This is the so-called order-by-fluctuation
mechanism. The long-range order in the classical model is
confirmed by the Monte Carlo simulation; the two-body cor-
relation function for PS at momentum k= �� ,� ,�� starts to
increase around T=0.17J, and is saturated at its maximum
value in the low-temperature limit �see inset in Fig.
11�c��.11,12

B. Implication of layered iron oxide

In this section, we introduce the honeycomb-lattice orbital
model defined in Eq. �4� as an orbital model for multiferroic
layered iron oxides RFe2O4. This is known as a multiferroic
material driven by electronic charge and spin degrees of free-
dom. Electric and magnetic properties in RFe2O4 are domi-
nated by Fe 3d electrons in a pair of triangular-lattice planes
stacked along the c axis, which is termed the W layer �see
Fig. 4�a��. A Fe ion in the W layer is fivefold coordinate with
a local symmetry of D3d. The five 3d orbitals under the crys-
talline field split into two sets of the doubly degenerate or-
bitals, 	dxy ,dx2−y2
 with the symmetry E�, and 	dyz ,dzx
 with
E�, and the d3z2−r2 orbital with A�. We obtained by the crys-
talline field calculation that the E� orbital is the lowest. Since
a nominal valence of the Fe ions is 2.5+, equal amount of
Fe2+ �d6� and Fe3+ �d5� coexists. The five 3d orbitals are
singly occupied in Fe3+, and one of the degenerate lowest
orbitals in Fe2+ is doubly occupied. Thus, Fe2+ has the dou-
bly degenerate orbital degree of freedom. This is represented
by the PS operator defined in Eq. �2� where t takes dxy and

dx2−y2. It is convenient to introduce the three two-
dimensional coordinates ��x� ,�y�� with ��= ��� ,�� ,��� where
the �x� axis is parallel to one of the NN Fe–O bonds as shown
in Fig. 4�b�. We define, in these coordinates, linear combina-
tions of the orbital operators:

�di�x�
2−�y�

2s

di�x��y�s
� =� cos

4�

3
n��, sin

4�

3
n��

− sin
4�

3
n��, cos

4�

3
n��
��dix2−y2s

dixys
� ,

�9�

with a numerical factor �n�� ,n�� ,n���= �0,1 ,2�. In the NN
Fe–O bond along the �x� axis, the d�x�

2−�y�
2 and O 2p orbitals

form the � bond. We redefine the PS operators,

��i� = cos�2�

3
n���Ti

z + sin�2�

3
n���Ti

x. �10�

One hole occupied state in the d�x�
2−�y�

2 �d�x��y�
� orbital at site

i is the eigenstate of �i
�i�.

Interaction between the orbitals is constructed from the
electronic processes in a W layer. The model Hamiltonian in
low-energy spin, charge, and orbital states is derived from
the extended pd model by the perturbational procedure. The
obtained Hamiltonian consists of the long-range Coulomb
interactions between charges and the exchange interactions
between NN spins and orbitals. We analyze numerically the
Hamiltonian by the classical MC method. Details were pre-
sented in Refs. 14 and 23. Obtained charge and spin ordered
structure is shown in Fig. 5, which is consistent with the
electron and neutron-diffraction experiments.16–19 A charge
imbalance of Fe2+ and Fe3+ is realized between the
triangular-lattice planes. That is, the electric-dipole moment
is caused by the charge order without inversion symmetry.17

In the spin structure shown in Fig. 5, Fe2+ ions, which have
the orbital degree of freedom, are surrounded by NN Fe3+ in
the Fe2+-2Fe3+ plane, and these form a honeycomb lattice in
the 2Fe2+-Fe3+ plane. The superexchange interactions in
three Fe2+-Fe3+ bonds connecting Fe2+ at site i is propor-

tional to ����i
��. This is because the orbital is only active in

Fe2+, and spin configurations in the three bonds are equiva-
lent. It is easily shown from Eq. �10� that this is zero. There-

FIG. 3. Eigenvalues of the orbital interaction Ĵ�k� in the mo-
mentum space.

FIG. 4. �Color online�. �a� A pair of triangular planes termed the
W layer, and �b� three Fe–O bond directions in a triangular lattice in
RFe2O4.
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fore, the orbital degree of freedom in the charge and spin
ordered phase is described by the Hamiltonian in a honey-
comb lattice in the 2Fe2+-Fe3+ plane,

H� = − J��
i�A

��i
���i+e�

�� + �i
���i+e�

�� + �i
���i+e�

�� � . �11�

The exchange constant J��
0� is given by the intrasite Cou-
lomb interactions and the hopping integrals. Then, we intro-
duce the unitary transformation,

U = exp
− i��

6 �
j�A

+
5�

6 �
j�B

�Tj
y� , �12�

which rotates PS’s on sublattice A�B� by angle � /6 �5� /6�
with respect to the Ty axis. We show that U−1H�U is identi-
cal to H in Eq. �4� where J corresponds to J�. In addition to
the exchange interaction described by this Hamiltonian, there
may be some other factors which couple with orbital degree
of freedom. However, this Hamiltonian is expected to pro-
vide a starting point to examine the low-temperature orbital
structure in layered iron oxides.

III. CLASSICAL ORBITAL STATE

In this section, we treat the orbital pseudospin Ti as a
classical two-dimensional vector with an amplitude of 1/2.

A. Orbital structure at ground state

Orbital structure in the classical ground state is obtained
from the Hamiltonian in Eq. �5�. The ground-state energy is
−3J /16, when the PS’s satisfy the following condition in all
NN bonds;14,21,22

�i
� = �i+e�

� . �13�

This relation implies that the projection components of PS’s
are equal with each other for all NN bonds. There are a
macroscopic number of orbital structures which satisfy this
condition. Two of them are shown in Fig. 6. In particular,
uniform orbital alignments with any PS angles are in the
ground-state configurations. This kind of rotational symme-
try is not expected from the Hamiltonian where any continu-

ous symmetries do not exist in the PS space. However, this is
consistent with the momentum representation of the orbital

interaction, Ĵ�k�; the second-lowest band in Ĵ�k� touches the
lowest one at the point � as shown in Fig. 3.

B. Spin wave analyses

At the first step, among the degenerate uniform configu-
rations at zero temperature, we turn up stable states in finite
temperatures by using the spin-wave approximation.7 We de-
fine the PS angle as �i=−tan−1�Ti

z /Ti
x�, and denote an angle in

the uniform configuration by ��. A deviation from �� at site i
is represented by �i���i−���. Within the second order of �i,
the spin-wave Hamiltonian is obtained as

HSW =
J

2 �
i�A�

q�������i − �i+e�
�2, �14�

where q�����= 1
4sin2���+ �2�n�� /3�. By introducing the Fou-

rier transform of �i defined by �k
C= �N /2�−1/2�i�Ceik·ri�i for

sublattice C�=A ,B�, the Hamiltonian is rewritten in a mo-
mentum space as

HSW =
J

2�
�

q������
k

��k
A − �k

Be−ik·e��2. �15�

Then, we calculate the partition function for the PS fluctua-
tion around ��. By introducing the two-dimensional polar

coordinates defined by �k
C= ��k

C�ei�k
C

for C=A and B, the par-
tition function is obtained as

Z���� = A�k
�� d��k

A�d��k
B�d�k

Ad�k
B��k

A���k
B�


exp
− �J�
�

q��������k
A� − ��k

B�ei��ke−ik·e��2� ,

�16�

where A�
0� is the Jacobian, � is the inverse temperature,
��k=�k

B−�k
A, and �k� represents a product of k in a half of

the first Brillouin zone. At low temperature, the upper limits
in the integrals for ��k

A� and ��k
B� are safely taken to be infinity.

By integrating out a variable ��k
A�, we obtain the following

expression for the free energy,

FIG. 5. Schematic of the charge and spin structures in
2Fe2+-Fe3+ plane �right� and in Fe2+-2Fe3+ plane �left� for RFe2O4.
Filled and open circles represent Fe3+ and Fe2+, respectively. At
sites surrounded by dotted circles, spin directions are not uniquely
determined due to frustration.

FIG. 6. �Color online�. Pseudospin configurations in the ground
state. Arrows represent directions of PS’s and bold bars are for the
projection components �i

� along the bond direction. A PS configu-
ration, obtained by a uniform rotation of all PS’s in right figure, is
also in the ground state.
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F���� = −
1

�
log A −

N

4�
log

�

��J�2 −
1

�
�
k

�f���,k� , �17�

with

f���,k� = log�
0

�

d��
0

2�

d�
�

���
q������1 − �ei�e−ik·e��2�2 ,

�18�

where �k� represents a sum of k in a half of the first Brillouin
zone.

We numerically calculate f��� ,k�. Contour maps of
f��� ,k� for ��=0 and � /6 are presented in Fig. 7. Results in
other ��=2�n /6 and �2n+1�� /6 with integer n are obtained
by considering the C6 symmetry in f��� ,k�. This symmetry
is attributed to the fact that the Hamiltonian is invariant un-
der �i� the inversion with respect to PS, and �ii� a combined
operation of the C3 rotation for PS and that for the crystal
lattice. In f���=0,k�, a divergent behavior appears along the
Ga �horizontal� axis. This originates from a number of low-
lying PS configurations from the ��=0 state, explained as
follows. Start with the PS configuration with ��=0 shown in
Fig. 8, and focus on zigzag chains running along the b �ver-
tical� axis. Rotate PS’s by angle +�� or −��, where ���� is
taken to be uniform and their signs are chosen independently
for the each zigzag chain. One example is shown in Fig. 8.
This rotation does not change the energy, since the condition
in Eq. �13� is still satisfied in all NN bonds. On the contrary,
in ��=� /6, a divergent behavior in f��� ,k� is only seen at
the point �. This corresponds to a uniform PS rotation. By

integrating out the momentum k for f��� ,k�, we obtain the
�� dependence of the free energy. We present, in Fig. 9, a
part of the free energy defined by

F̂���� = −
2

N
�
k

�f���,k� . �19�

Because of the one-dimensional fluctuation in f��� ,k�, F̂����
takes its minima at six angles of ��=n� /3. An analytical

form is given as F̂���=n� /3�=−log�16 /3�− �1 /2�log ��
−2.246. Among the continuous uniform states, these six
states are stabilized selectively by thermal fluctuation.

C. Monte Carlo simulation

In Sec. II B, we assume the uniform PS configurations
and show lifting of the continuous degeneracy by thermal
fluctuation within the spin-wave scheme. Now we take off
this restriction and show the results obtained by the MC
simulation. Because of a limited system size in the MC cal-
culation, both the spin-wave and MC methods provide us
complemented information with each other. To avoid a trap
of the simulation in local minima, we adopt the multicanoni-
cal MC technique. The energy distribution functions are ob-
tained by the histogram method27 and the CFP one.28 In most
of the simulation, 1
107 MC steps are used to produce the
energy histogram, and 2
108 MC steps are for the calcula-
tion. Statistical averages and errors are obtained by 20 times
simulations. Except for the results in Fig. 12�b�, error bars
are small enough and are not plotted in the figures. We adopt
a cluster of 2
L
L��N� sites with L=2�24.

First we present, in Fig. 10, the temperature dependence
of the specific heat C�T� for several system sizes. As seen in
Fig. 10�a�, over all behavior does not show size dependence.
There is a shoulder around 0.1J and a sharp peak around
0.005J–0.01J which depends on system size. Result in a 2

5
7 size cluster is almost identical with that in 2
6

6; a shape of the cluster is not essential. A magnification of
C�T� in a low-temperature region is presented in Fig. 10�b�.
By increasing a system size, the peak shifts to a lower tem-
perature side and becomes sharp. The peak position is de-
noted as TO from now on. As shown in the inset of Fig.

FIG. 7. �Color online�. Contour map of the function f��� ,k� in
the Brillouin zone for ��=0 in �a�, and that for ��=� /6 in �b�.

FIG. 8. �Color online�. Left: PS configuration for ��=0. Right:
configuration obtained by ��� rotations of PS’s in each zigzag
chain.

FIG. 9. A part of the free energy F̂���� as a function of the PS
angle �� obtained in the spin-wave approximation.
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10�b�, TO approaches a finite value about 0.0064J in the
thermodynamic limit. It is worth noting that this value of TO
is much smaller than the mean-field ordering temperature
3J /8. At zero-temperature limit, C�T� takes about 0.5 corre-
sponding to one degree of freedom per site, i.e., the two-
dimensional PS angle.

To elucidate the PS structure below TO, we calculate the
correlation functions for PS defined by

Slm�k� =
4

N2�
ij

�Ti
lTj

m�eik·�ri−rj�, �20�

where l and m take x and z, and ri is a position of site i. The
maximum value of the functions is one. The z component of
the correlation functions Szz�k� for several system sizes are
presented in Fig. 11. We calculate Szz�k�’s for all possible
momenta k in a cluster. In a 2
2
2 cluster, Szz�k� at k
= �0,0� takes about 0.3 in low temperatures. However, with
increasing N, the values of Slm�k� decrease rapidly, and in a
2
6
6 cluster, all Slm�k�’s are less than 3% of their maxi-
mum value. Other components, Sxx�k� and Sxz�k�, are similar
to Szz�k�. We conclude that, below TO, there are no conven-
tional long-range order corresponding to the correlation
functions given in Eq. �20�. This is not trivial for the present
model where the Mermin-Wagner’s theorem is not appli-
cable. The present results are in contrast to those in the eg

orbital model; the PS correlation function at k= �� ,� ,��
starts to increase around 0.17J, and approaches its maximum
value at the low-temperature limit, as shown in the inset of
Fig. 11�c�.

Here we propose a physical parameter q for the PS angle
�i defined by

q =
1

N
�

i

cos 3�i. �21�

Because the Hamiltonian is invariant under the inversion of
all PS’s, �q� is zero in a disordered phase. When the angle �i
takes one of the three angles 2n� /3 ��2n+1�� /3�, q=1
�−1� �see inset of Fig. 12�a��. In Fig. 12, we plot the tem-
perature dependence of the correlation function of q defined
by

Q = ��q2� . �22�

This starts to increase around TO and is saturated to the
maximum value at the low-temperature limit. By increasing
the system size N, Q abruptly increases around TO. We show,
in Fig. 12�b�, the finite-size scaling plot for the correlation
length of qi�cos 3�i defined by29
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FIG. 10. �Color online�. Specific heat calculated in several clus-
ter sizes. Low temperature data are enlarged in �b�. The inset in �b�
shows a peak position TO in the specific heat as function of 1 /N.
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FIG. 11. �Color online�. Correlation functions Szz�k� for several
momentum q. Cluster sizes are 2
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2
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6 in �c�. The inset in �c� shows correlation function S�k�
=4N−2�ij�Ti ·T j�eik·�ri−r j� at k= �� ,� ,�� calculated in the eg orbital
model. A cubic cluster with 183 sites is adopted �Refs. 11 and 12�.
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� = −
1

G�0�
�dG�k�

d�k�2
�

�k�=0

, �23�

where we define the correlation function of qi as

G�k� =
1

N2�
ij

�qiqj�eik·�ri−rj�. �24�

As shown in this figure, � /L in several system sizes are
scaled by the scaling function �T−TO�L1/� /TO within error
bars. Here we obtain TO=0.0067�0.0007 and �
=0.72�0,04. These results imply that, at low temperature
below TO, the PS angle at each site takes one of the three
angles 2n� /3 �cos 3�=1�, or one of �2n+1�� /3 �cos 3�=
−1�. When the qi=1 and −1 states are randomly distributed
in a lattice, the correlation function Q should be zero. It is
found from the snapshot of the MC simulation that the three
qi=1 states, or the three −1 states, coexist below TO. From
the view point of the PS angle, a shoulder structure in C�T�
around T /J=0.1 shown in Fig. 10 corresponds to develop-
ment of the short-range correlation. In Fig. 13, we show the
short-range correlation functions of qi defined by

G�m� =
1

z�m�N
�
�ij�

��qiqj� , �25�

where G�m� with m=1, 2 and 3 are the correlations between
NN, the next NN and the third NN sites, respectively. A
numerical factor z�m� is a number of the neighboring pairs,
and ��ij�� represents a sum of the pairs. It is clearly shown in
Fig. 13 that a shoulder of C�T� corresponds to development
of G�1�.

Stability of the q= �1 states is attributed to the low-lying
excited states around the q= �1 states. Consider one of the
q=1 states shown in Fig. 14�a�, and local PS fluctuations in
a certain NN bond in this state. There are two ways for
fluctuation where the condition in Eq. �13� is satisfied in this
bond. That is, the two kinds of excited states appear ther-
mally with the same probability. Situation is different away
from the q=1 configuration. Consider one of the q� �1

FIG. 12. �Color online� �a� Correlation function of a variable q
for the PS angle. The insets show the q=1 and −1 PS configura-
tions. �b� Scaling analyses for the correlation length of qi=cos 3�i.
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FIG. 13. �Color online� Temperature dependence of correlation
functions of qi and specific heat. Broken, dotted and dash-dotted
lines are for the correlation functions between the NN, second NN
and third NN sites, respectively.
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FIG. 14. �Color online�. Schematic view of the q=1 and q�1
states and their low-lying fluctuations.
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states shown in Fig. 14�b�. There is only one way for fluc-
tuation where the condition in Eq. �13� is satisfied. This high
density of the low-lying fluctuations around q= �1 states
contributes to the entropy gain and stabilizes the q= �1
states at finite temperature.30

As shown above, we have found that, below TO, the PS
angle at each site is fixed at one of the three angles 2n� /3 or
one of the three �2n+1�� /3. Within the present calculations,
we do not insist whether all q= �1 states are realized
equivalently or not. We will discuss this point in Sec. V in
more detail with supplementary calculations.

IV. QUANTUM ORBITAL STATE

In this section, we analyze the Hamiltonian in Eq. �4�
where the PS is treated as a quantum-spin operator with a
magnitude of S=1 /2.

A. Spin wave analyses

To elucidate roles of the quantum fluctuation on the stable
orbital state at zero temperature, we start from, for simplicity,
the uniform orbital state with an PS angle ��. The Hamil-
tonian is analyzed by using the Holstein-Primakoff
transformation.9,10 We utilize the rotating frame given by the
unitary transformation with respect to the Ty axis, and intro-
duce the two Holstein-Primakoff bosons, ak and bk, for the
two sublattices in the honeycomb lattice. The Hamiltonian
up to the second order of the boson operator is given as

HSW = −
3

4
S2JN +

3

2
SJ�

k
�ak

†ak + bk
†bk −

1

2
��k����akb−k

+ �−k����ak
†b−k

† + �k����akbk
† + �−k����ak

†bk�� ,

�26�

where �k���� is the structure factor defined by

�k���� =
2

3�
�

sin2��� −
2�

3
n��e−ik·e�, �27�

with a numerical factor �n� ,n� ,n��= �0,1 ,2�. The first term
in Eq. �26� is the zero-th order energy, denoted by E0, which
corresponds to the second term of Eq. �5� in the classical
spin case. This energy is independent of the angle ��, as
mentioned previously. By applying the Bogoliubov transfor-
mation, we diagonalize the second term and obtain,

Hsw = E0 + �E���� + �
kl=�

�k
�l�����ck

�l�†ck
�l�, �28�

where we introduce the boson �orbiton� operators ck
��� and

their energy dispersions

�k
������� =

3

2
SJ�1 � ��k����� . �29�

In the case of ��=n� /3, these dispersions show an one-
dimensional character; for example, �k

������=0�
= �3SJ /2��1�cos�kya /2� which is independent of kx, where

we define kx=k ·Ga and ky =k · �Ga+2Gb� /�3. The second
term in Eq. �28� corresponds to the correction due to the
zero-point vibration. This is given as

�E���� =
�3a2N

32�2 �
1stBZ

dkxdky ��k
�+����� + �k

�−����� − 2� ,

�30�

where a is the length of the primitive translation vector, and
�1stBZdkxdky represents the integral in the first Brillouin zone.
Numerical results of �E���� as a function of �� are presented
in Fig. 15. The energy correction takes its minimum at six
angles of ��=n� /3 with an integer number n, reflecting the
C6 symmetry in the free energy. It is worth noting that these
are the same angle where the classical free energy takes the
minimum �see Fig. 9�. That is, both the quantum and thermal
fluctuations stabilize the same orbital configurations within
the uniform PS alignments. The present results are also simi-
lar to the ones in the eg orbital model;9,10 the energy correc-
tion shows its minima at ��=n� /3. However, in the present
honeycomb-lattice model, the orbital order expected by the
spin-wave analyses is not suggested by the exact-
diagonalization method as explained later in more detail. Sta-
bility at these angles in the quantum model is attributed to
the dispersion relation of the orbitons �k

�������; at ��=n� /3,
there is a one-dimensional zero-energy mode. For example,
��−����=0�=0 along the �kx ,ky�= �0,0� to �1,0� direction.
This low-lying excitation contributes to the energy gain from
the quantum zero-point fluctuation. We suppose that when
the higher-order terms corresponding to the orbiton-obtion
interaction are taken into account, the dispersion becomes
gap full, and the energy gain due to the zero-point fluctuation
is reduced.

B. Lanczos method

In the numerical calculation in a finite size, the orbital
structure can be examined without assumption of the uni-
form PS configurations. In the quantum Monte Calro simu-
lation, we met a serious negative sign problem. Here we use
the exact-diagonalization technique based on the Lanczos al-
gorithm. We adopt finite-size clusters of N=2
2
2, 2
2

3, 2
3
3, and 2
3
4 sites with the periodic boundary
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FIG. 15. Energy correction �E���� due to the zero-point vibra-
tion as a function of the orbital angle ��.
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condition. Because of no conserved quantities in the Hamil-
tonian, all state vectors in the Hilbert space of 2N dimension
are dealt with in the Lanczos calculation.

First, we show the ground-state energy EGS and the en-
ergy gap � for several size clusters in Fig. 16. The ground-
state energy tends to approach, in the thermodynamic limit,
around −0.215NJ which is a little higher than the spin-wave
results E0+�E����=−0.225NJ at ��=n� /3. Except for the
2
3
3 cluster, the ground state is not degenerate. The gap
energy is defined as an energy difference between the ground
state and the first excited one. The numerical value mono-
tonically decreases with the system size N, and seems to
vanish in the thermodynamic limit. However, we cannot dis-
tinguish the two possibilities in an infinite system: degener-
ate ground states and a nondegenerate one with gapless ex-
citation. The correlation functions of PS defined in Eq. �20�
are calculated for several momenta and system sizes �Fig.
17�. In the smallest size of 2
2
2 sites, Szz�xx��k� at k
= �0,0� stands out. However, with increasing N, Slm�k�’s be-
come almost momentum independent and all of the values
are less than 25% of the maximum. Reduction of Slm�k� at
k= �0,0� is faster than 1 /N. Thus, the conventional long-
range order characterized by the correlation functions does
not exist, as we have shown in the classical model.

In the quantum system, the operator corresponding to q
=N−1�icos 3�i defined in Eq. �12� becomes a constant C
number due to the algebra for the S=1 /2 spin operator.
Then, we adopt the variational-like method to analyze the
ground-state wave function. As explained in Sect III, the
classical PS states below TO are characterized by the param-

eter q defined in Eq. �21�, i.e., the PS angles are fixed at
2n� /3 or �2n+1�� /3 with an integer number n. From these
results and snapshots of the MC simulation, we consider the
trial PS states where a honeycomb lattice is covered by the
NN bonds with the minimum bond energy. Some examples
are shown in Fig. 18. We construct the wave function as a
linear combination of these states. This is given by

������ = N�
l

Al	�	l
�↑�� � �	l

�↓��
 , �31�

where N is a normalized factor, Al are variational parameters,
and �	l

�↑,↓�� is the wave function for the lth PS configuration
which satisfies the condition explained above. The wave
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FIG. 16. �a� Ground state energy and �b� energy gap for several
size clusters. For the 2
3
3 cluster, energy difference between
the doubly degenerate ground states and the first-excited states are
plotted. Broken lines are obtained by the least square fittings.
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FIG. 17. Correlation functions Slm�k� for several momenta k.
Cluster sizes are 2
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FIG. 18. �Color online�. Some of the PS configurations where
the honeycomb lattice is covered by NN bonds with the minimum
bond energy. One of the q=1 states in �a�, and one of the q=−1 in
�b�. In NN bonds surrounded by ellipses, the bond energy is the
lowest.
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function �	l
�↑�� is given by the unitary transformation from

the all-up PS state �↑¯↑� as follows,

�	l
�↑�� = �

�ij�l

U�����ij�l
�↑ ¯ ↑� . �32�

Similarly, �	l
�↓�� is obtained from the all-down state �↓¯↓�.

The � bond direction is taken as the quantized axis, and the
subscript �ij�l represents the NN ij pair in the l-th PS con-
figuration. The operator U�����ij�l

describes a rotation of Ti

and T j with respect to the Ty axis defined by

U�����ij�l
= exp�− i���Ti

y + Tj
y�� , �33�

where � indicates a direction connecting i and j, and
��� ,�� ,���= �0,2� /3,4� /3�. Because of the off-diagonal
matrix elements among some states in �	l

�↑�� and �	l
�↓��, cer-

tain kinds of resonance states are realized. A set of two PS
configurations, termed �	L� and �	R�, shown in Fig. 19 is an
example. The off-diagonal matrix element31 between the two
is �	L�HJ�	R�=−JN3 / �16·26�. This is about 10% of the en-
ergy gain due to quantum effect, �EGS−E0� /JN, where EGS is
the ground-state energy shown in Fig. 16�a� and E0=
−3JN /16. Since the Hamiltonian is invariant under the inver-
sion of all PS operators, the energy eigenstates are classified
by the parity of this operation. The wave functions ���+�� and
���−�� have the even and odd parities, respectively. Except
for the degenerate ground state in the 2
3
3 size cluster,
the ground-state wave function �0� shows the even parity.
The doubly degenerate ground states in 2
3
3 are classi-
fied as the even and odd-parity states, and the even-parity
one is used for the analyses. Figure 20 shows the overlap
integral W���0 ���+���2 as a function of 1 /N. In a 2
2
2
size cluster, the ground-state wave function is almost com-
pletely reproduced by the trial function. With increasing N, a
value of W is gradually reduced. However, this reduction is
rather weak by optimizing the variational parameters Al, and
W is maintained around 0.8 even in the largest size cluster.
Thus, at least within the present calculation, the ground-state
wave function is well reproduced by the trial wave function
where the honeycomb lattice is covered by NN bonds with
the minimum bond energy.

V. DISCUSSION AND SUMMARY

First, we have some remarks on low-temperature orbital
state in the classical model. As shown in Sect III, below TO,
the PS angle at each site is fixed at one of the three angles

2n� /3 or one of the three �2n+1�� /3. Here we discuss
whether all q= �1 states appear equivalently or some spe-
cific PS configurations in the q= �1 states are stabilized.
First we are able to exclude a possibility of the so-called
directional order �DO�. This is well examined in the orbital
compass model in a two-dimensional square lattice;32–34 one
component in the PS operator, e.g., Tz, is aligned uniformly
in each one-dimensional chain along a direction in the square
lattice, e.g., the z direction, but there is no PS correlation
between the different chains. A natural order parameter of
DO is Dcompass=�i�Ti

zTi+ez

z −Ti
xTi+ex

x �. Below the DO tempera-
ture, a PS-angle parameter �icos 2�i, such as q in Eq. �21�, is
developed, but the conventional PS correlation functions,
such as Slm�k� in Eq. �20�, are not. We introduce the
honeycomb-lattice version of the directional order param-
eter:

D = �
i�A,�

�i
��i+e�

� ei2n��/3. �34�

When PS’s are aligned uniformly inside zigzag chains along
� direction, but these chains are independent with each other,
D acts as a monitor. However, calculated ��D�2�1/2 by the MC
method are less than 5
10−4 and quickly disappears with
increasing the system size. We also consider that a possibility
of the Kosterlitz-Thouless transition35,36 at TO is low. We
calculate the uniform susceptibility

�u =
4

TN
�
ij

�Ti · T j� , �35�

and the corresponding correlation length �u. Though the
present system size is limited up to 2
24
24 sites, both �u
and �u do not show anomalous behavior around TO, and their
values decrease with increasing the system size.

Here, we suggest that some topological PS configurations
in hexagons may be more stabilized than other q= �1 states
in the classical model. In a MC snapshot �see Fig. 21�, we
often find two characteristic PS configuration patterns in a
honeycomb lattice; a uniform PS array termed configuration

FIG. 19. �Color online�. One example for the two PS configu-
rations where a resonance state is possible due to the off-diagonal
matrix element.
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FIG. 20. �Color online�. Overlap integrals between the ground-
state wave function and the trial functions. Squares are for the re-
sults where the variational parameters Al are taken to be one, and
circles are obtained by optimizing Al.
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I, and a regular array of hexagons with maximum energy
gain, termed configuration II. Of course, their simple long-
range orders are excluded from the calculated results of
Slm�k� in Fig. 11. There are possibilities that two configura-
tions coexist, and/or these are distributed randomly. These
are monitored by a parameter nmin which represents a num-
ber of NN bonds with the minimum bond energy in a hexa-
gon. In the configuration II, hexagons with nmin=3 and 0 are
aligned regularly. It is convenient to introduce the following
parameter defined in a hexagon at r;

R�r� =
9

8

2

3
N�r� − 1�2

−
1

8
, �36�

with

N�r� = �
�ij�

�16

3
�i

�ij� j
�ij −

1

3
� , �37�

where ��ij� represents a sum for six NN bonds in a hexagon.
Because ��i

�ij� j
�ij�=1 /4 when a NN ij bond takes the mini-

mum bond energy, we have �N�r��=nmin. The parameter R�r�
takes one for the hexagons with nmin=0,3, and zero for the
hexagon with nmin=1,2. We calculate N−1��rR�r�� in the 2

9
9 site cluster by the MC method. The calculated value
is about 0.42 below TO which is larger than a value �0.3� in
the states where all q= �1 configurations appear equiva-
lently. That is, the configuration II is expected to be more
stabilized than other q= �1 states. This is due to their low-
energy fluctuations. Hexagons characterized as nmin=0 are
included in the configuration II. As shown in Fig. 22, there
are two ways of fluctuation in each hexagon with nmin=0.
When we consider the configuration II containing m hexa-
gons with nmin=0, a number of configurations are roughly

N/6Cm2m. This is remarkable in comparison with that in the
configuration I; as explained in Fig. 8, there are also two
ways of fluctuation in each zigzag chain. This corresponds to
the so-called stacking degeneracy observed in the eg orbital
model.7 When we consider the configuration I containing m
zigzag chains, a number of configurations are roughly

�NCm2m. Difference between the two is attributed to dimen-
sionality of the fluctuations. This zero-dimensional fluctua-

tion seen in the configuration II is unique in this honeycomb-
lattice model, and is expected to be an origin of no
conventional long-range order.

In summary, we study the doubly degenerate orbital
model on a honeycomb lattice, motivated from an orbital
state in multiferroic layered iron oxides RFe2O4. There is a
macroscopic number of degeneracy in the classical ground
state, as seen in the three-dimensional eg orbital model. We
mainly focus on lifting of the degeneracy due to thermal and
quantum effects. In the classical and quantum spin-wave
analyses, where the uniform orbital configurations are as-
sumed, results are similar to those in the eg-orbital model.
Both thermal and quantum fluctuations stabilize the states
with the PS angles of ��=n� /3. Beyond the uniform con-
figuration assumption, we apply the Monte Carlo simulation
to the classical model. A peak structure in the specific heat is
found around TO /J=0.006. However, below TO, the PS cor-
relation functions indexed by any possible momenta in clus-
ters are not developed, unlike those in the eg-orbital model.
We find that the correlation function of a parameter for the
orbital PS angle, q=�icos 3�i, grows up below TO, and
reaches its maximum at the low-temperature limit. That is,
the PS angle at each site takes one of the three angles 2n� /3
or one of the three 2�n+1�� /3. This degeneracy lifting is
attributed to existence of low-lying fluctuation around these
configurations. We suggest that zero-dimensional fluctuation
in the hexagons plays a crucial role to make difference be-
tween the present honeycomb-lattice model and the eg orbital
one in a cubic lattice. We also analyze the quantum model by
utilizing the Lanczos method. As seen in the classical model,
any remarkable features are not shown in the two-body PS
correlation functions. This suggests no conventional long-
range order indexed by specific momenta. The ground-state
wave function is analyzed by a variational-like method. This
is well represented by a linear combination of the wave func-
tions where a honeycomb lattice is covered by NN dimers
with the minimum-energy PS configurations.
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FIG. 21. �Color online�. A MC snapshot for PS configurations.
Numbers in each hexagons denotes a number of the minimum-
energy bonds nmin.

FIG. 22. �Color online�. Zero-dimensional fluctuation in the
configuration II. Left: PS configuration. Right: a configuration ob-
tained by ��� rotation of PS’s in each hexagon with nmin=0.
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